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ABSTRACT

Lunisolar perturbations for general terms of the disturbing function were
derived by Kaula (1962). However, his formulas use equatorial elements for the Moon
and do not give a definite algorithm for computational procedures. As Kozai (1966)
suggested, both inclination and node of the Moon's orbit with respect to the equator of
the Earth are not simple functions of time, while the same elements with respect to
the ecliptic are well approximated by a constant and a linear function of time, res-
pectively. In the present work, we obtain the disturbing function for the Moon's per-
turbations using ecliptic elements for the Moon and equatorial elements‘ for the satellite.
Secular, long-period, and short-period perturbations are then computed, with the
expressions kept in closed form in both inclination and eccentricity of the satellite.
Alternative expressions for short-period perturbations of high satellites are also
given, assuming small values of the eccentricity. The Moon's position is specified
by the inelination, node, argument of perigee, true (or mean) longitude, and its radius
vector from the center of the Earth. We can then apply the results to numerical
integration by using coordinates of the Moon from ephemeris tapes or to analytical
representation by using results from lunar theory, with the Moon's ‘motion represented

by a precessing and rotating elliptical orbit.



RESUME

Kaula (1962) a déduit les perturbations lunisolaires pour les termes généraux
de 1a fonction de perturbation. Toutefois, ses formules emploient des éléments
équatoriaux pour la lune et ne donnent pas un algorithme défini pour les
procédés de calcul. Comme 1'a suggéré Kozai (1966), 1'inclinaison et le noeud
de 1'orbite lunaire ne sont pas de simples fonctions du temps par rapport &
T'orbite terrestre, tandis que ces mémes éléments peuvent €tre assimilés,
respectivement, 3 une constante et & une fonction Tinéaire du temps par rapport
3 1'écliptique. Dans cette étude nous avons obtenu la fonction de perturbation
pour Tes perturbations lunaires en employant des éléments écliptiques pour

la Tune et des éléments équatoriaux pour Te satellite. MNous avons alors cal-
culé les perturbations séculaires et Tes perturbations @ longues et courtes
périodes, les expressions de 1'inclinaison et de 1'eccentricité du satellite
restant délimitées. Nous donnons aussi des expressions alternatives pour des
perturbations a courtes périodes de hauts satellites, en supposant que les
valeurs de 1'eccentricité sont petites. La position de la lune est donnée par
1'inclinaison, le noeud, 1'argument du périgée, la longitude vraie { ou moyenne),
et son vecteur & partir du centre de la terre. Nous pouvons ensuite appliquer
les résultats soit & une intégration numérique, en nous servant des coordonnées
de la lune données par les éphémérides, soit & une représentation analytique

en nous servant des résultats de la théorie Tunaire, le mouvement de Ta lune
étant représenté par une orbite elliptique rotatoire avec précession.

vi



KOHCIIEKT

3HAaYeHNd JIYHHO-CONHEeUHHX BO3MYULeHUR Ona o0uux uJIeHCB BO3Mymla-
wref PysExuxu Omnw BmBeneHn Kayma (1962). OmHako B ero (opMynax
UCTIONb3YVHNTCH OKBATODMANIBHbE 9JIeMeHTH [OJif JNYyH U He JAeTcsd ONpere-
JIeHHOTO afiTOpuTMa I8 TpORBejleHnd BHUUCHeHUZ. COINacHOo yKa3aHNaM
Kosar (1966), kar HakjoHedHle, TAxX U y3ell NyHHOFY Op6UTH CTHOCHTEILHO
3eMHOTO 2KBATOPA He ABIAKTCHA MNpocTHMZX PyEKINAMU BpeMerHM, 3 TO BDeMA
KaK OTHOCUTENbHO 3JIKRIUNTHUKK TE& Xe caMbe 3JEMeHTH XOPOUlo aNNPOKCHMU-
POBAHN COOTEBETCTBCHHO KOHCTAHNTHOR M AMHeZHOW (YHKIUEH BpEeMeHU.
B mnauuo#i pafoTe MH HDORNyuYaeM BO3IMyHAkLyw GYHKIWK OIS JIYHHHX BO3MY-
MeHWH, WCTIONB3YA JJEMEeHTH 3IKIWITHKN IIA Hme ¥ 9KBATOPUANIBHHE
J3JEeMEeHTH NJA CHYTHUKA. 3aTeM BHUKCIAKTCHA BeKOBHe, NOITCEPEMEHHHE
M KPATHKORBPEMEHHHE BOSIMYIMEHUA, MNPUUEM W B HAKIOHEHUW U B 3KCUEHTDU-
CUTETEe CTUYTHHKA BHPAXEHWA NaHH B BUILE S3AMKHYTHX dopumyn. B pafote
TEKXE TNMPUBEOEeHH ATLTEDHATHBHHE BHPAXCHUA ONA KPATKOEBPEMCHHHX
BOBMYWLEHUN CIIyTHKXKOB, HaXOIANKXCA H& BHCOKOW 0pOHTe, NPUUEM
Ccoenaly OONYLEeHUA O TOM, UTC 3KCUEHTPUCUTET WMeeT Malbe 3HAUYeHWA.
[lonoxeHue NyHH ONpeIeNdeTcd HAKIOHeHMeM, y3/ICM, ADTYMeHTOM Neprres,
neTHHHOY (wam cpenHeli) HOnTOTON M PANKYCOM—EBEKTODOM JIYHH OT LeHTpa
3eMIn. 3ATEeM TOAYUeHHHEe DPEe3YABTATH MH MOXeM NPUMCHUTH OJIA UYHCHell-
HOTO MHTETPUPORBAHUA, MCHONB3YA KOODPIWHATH JAYHH U3 3anucell sdemepun
Ha JIeHTAaX, ¥IM [JA AHAJIWTHUYECKOTC MONEIUPOBaHWA, VCTIONB3YHA Pe3yAb-
TATH JYHHEOWN TeopuK, MpwueM IBUKXKeHWe IyHp APENCTABIEHO B BIIE

MpelneccupyKell W Bpamawueicd 3NAMITUUECKON OpPOUTH.

vii



LUNAR PERTURBATIONS ON
ARTIFICIAL SATELLITES OF THE EARTH

Giorgio E. O. Giacaglia

1. ELEMENTS FOR THE MOON AND OTHER QUANTITIES

Let T be the time in centuries of 36525 ephemeris days from J.D. 2415020. 0.
The following values will be adopted:

Eccentricity of the Moon:

e(E = 0. 054900489

Inclination of the Moon:

I( = 5°8'43v427

sin (1(/2) = 0. 044886967
Mass ratio, Moon to Earth:

m(/me = 0.0123001

Mean equatorial parallax of the Moon:

= 1217
P( 571270

where

p, = arc sin (ae/a()

Mean equatorial radius of the Earth:

a,= 6378160 m

a( = perturbed semimajor axis of the Moon's orbit.

This work was supported in part by contract N00014-71-A-0110-0004 from the Office
of Naval Research, Mathematics Program, and in part by grant NGR 09-015-002
from the National Aeronautics and Space Administration.



Mean motion in longitude of the Moon:

n, = 13°10'341'889902 day ™t

Mean anomaly of the Moon:

M, = 36°55'16780 + 1724878768103 T + 25061 T2 4 010438 T°

Argument of Moon's perigee from ecliptic node:

9 = ~25°40'13760 + 14648522151 T - 37017 T2 _ oro4so T° .

Ecliptic longifude of Moon's ascending node:

Q( = 259°10759V79 - 696291123 T + 71'48 T2 + 00080 T3

Obliquity of the ecliptie:

£ = 23°27'08U26 - 467845 T - 0Y0059 T2 + 000181 T°

Explicit and precise variations of &€ in terms of the elements of the Moon and the Sun
are also available:
E= EO + O+ dw

{e.g., Connaissance des Temps, 1971).



2. THE DISTURBING FUNCTION
The disturbing function can be written as

Gm

2
R= € Z (rl) P, (cos 3" , - (1

'y
€ y=2 V¢

where ¥’ is the geocentric elongation of the satellite from the Moon.

The following size considerations apply:

3 . 0.0123 n°

m
Gm r._"—--—-——L (a(? 3

2
¢ nk+m@%a(

also written as

Gm. = N° a°

2 -5 2 -2
C (% Néc-vl.59><10 rev day

The satellite Keplerian negative energy is

Fo=n a2/2 y

0

so that the relative size of the perturbing force function is given by

_ _ 2,2
V= R/FO— 2 N(/n
For low satellites (T =« 90 min), v=1.2X 1077, For high satellites (T = 24 h),
v 3,18 X 10_5. It follows that, in the above range of periods, for moderate eccen~
tricities, the dominant part of the disturbing function of a satellite is due to the Earth
oblateness (J 2), and lunar perturbations are sbout second order with respect to this.



‘Let a,& and a’, 8’ be the right ascension and declination of the satellite and of
the Moon, respectively (in an equatorial system). It follows that

cos P’ = cos & cos &' cos (o-a’) + sin & sin &/

Therefore,
B 2 2-4
R= Z N( a( Rﬂ s (2)
‘ =2
where
ang+1
R,= a’ ('E)ﬂ (é) P, (cosy’) , | ®

or, making use of Legendre's addition theorem,

2+1
2/a e
R, = al &) (f() ¢ %an))'; P (sin &) P} (sin 6) cos m@@-a’) ,
¢
n=0

(4)

where

2, m=#0

Let

a\e+1 ,
‘ A;n= (i) £-m! emP;n (sin 6’y cos ma’ ,

r(( (£ +m)!
aNg+1
_ (£ -m)! . .
an= (r() 7 +;mn)! € P;n {sin &) sin ma’ . {5)



- We can write

2
£
E : . m,_.
R, = at G{) (A;n cOs ma + B;n sin ma) P," (sin )
m=0

Let

= w + f= argument of latitude of satellite,
Q = longitude (equatorial) of node of satellite,

I= inclination of satellite to Earth equator.
By considering the relations
cos {a - §)cosdb=cos Vv ,

gin (o - Y cos b=sinveosI ,

sin 6= sinv sinl ,

it follows that

£ -m even

! j) m
T ™ Aﬂ 9 Q
Rﬂ-a (-5 Z E Fﬂmpa) g™ cos [(£ -2p)v + mQ] +
m=0 p=0 ¥ # -m odd
J -m even
B
+ gin [(£-2p) v+ mQ], ,
Am
£ g -m odd
where (Kaula, 1961)
. 2i-2¢ .
_ (2 -2i)! 2 . f-m-2i
Fymp® Z TU-D (-m-23) ° Ix
i

XZ Gn) cosI T Z (4 -my 2 (prfli—_jk) Cpfd
j k .

5

(6)

()

(8)

(9)



and

q= [E-T] , the integral part of (¢ - m)/2,

1l

i=0,1,2,..., min (p,q),
ji=0,1,2,...,m,

k = all values for which the coefficient is not zero; that is, p-i = k.



3. ROTATION OF SPHERICAL HARMONICS FOR THE MOON

4

Ma" 5 re expressed in terms of 6@ and O

The spherical harmonics P;n {sin &%) e!
the Moon's ecliptic latitude and longitude.

The relations are given by

+i{cos & sina, cos € - sin 6( sin &) ,

( C

ia’
cos ' e = @os 6, cosa

C ¢

gin &' = cos 6¢ sin % sin € + gin 6( cos € . (10)

From the well-known properties of spherical harmonics under rotation, we can write

m n dma’ f: m, T T ira( ;
. _ 5 .
Pﬂ (sin ) e a, PJE (smé(E)e

==f

where a;n’ T is a function of € only, and

m {£ - m)! P;n(x)

P, = (D

Using the orthogonality conditions of spherical harmonics, we have

+m /2
gt 22D g cos §_ d6_X
) in (@ +1) ¢

=T

°r m ima’ ,r iru.((

- ’ -
Xf Pj! (sin &") e Pﬁ (sin 6(() € du.((
0

Introducing Equations (10) and computing the above integral, we find (see also Lee,
1971)



m,r_ (£ -1)! ei(m—r)n-/z u T

% T T my PSR (11)
where, for m+r =0,
m+r r-m
m,r_ . f-m (f+m & ( g)
Uﬂ (-1) ( _ )(cos > sin < X
XF(—E +r, £+r+1, m+r+1; cos2 %) {121)
and, for m+r=0,
m,r _ f-1{f-m gy™m L gyt
U£ 1T = (=1) (ﬂ +r) (cos ~2~) (Sln E) X
XF(—E-I‘, £-r+l, ~-m-r+1l; cos2 %) . (12b)

In the above relations, F is the usual hypergeometric series 1F 5 defined by

"\ @ @) .n
F(a, b, ;%) = Z % '}Ii—r 3
n=0 n
where
(a)n= a(a+1) (a+2) ... (a+n-1) ,

(a)y = 1

In both cases, Uzn’ * is a polynomial in sin £€/2, cos €/2 since at least one of the
parameters a, b is negative, and the above series terminate. The distinction of the
cases m+r 2 0 is necessary to avoid a singularity in F due to a negative value of c.

Considering this fact, another possible form for U;n’ r’ valid in any case, is found
to be



m-r m+r r-m +r
R Wy A L R

1 (£ +x)! 2 2 RS

where z = cos2{E/2).

Now, let
24T =U e ) U T
m,r_ . m,r ¥ I -T 14
2B, U, (-1)" U, . (14)

It follows that, for m even,

m_ (% L™ I T
A7 =(r) e Z € -=1) e P} (sin 8) cos [r@(JrE)] ,

¢
Bm_(_g)ﬂ- +1 (- l) Z (¢ -1) e B ?]'7 Pt (sin &) sin [r(g, + 1)1 '
t - e (£+m)' ‘r i q « 2/

and, for m odd,

=
+
—
B8

+
—
e

a (-1) ¢
A;n - (r_() ( +m_):m Z £-7) e, szn’ T P;'(sin 6([) sin [r(o.( - %)] ’

r=0

B;n :(%:() ((:)+m)' Z (- 1)t erA;n’rPf (sin 6() cos [r(u( - %)] .



Making use of relations (7) for the Moon, we find that, for m even:

p=0
m . r
Bf =(r) (“_m), Z @-1)e 1,_B m, Z F (I)smeﬂpr R
¢ p=0
(16)
and, for m odd
a (_1)m+ 1 £
€ S , T .
)4 (r(() (@ rm)t Z (@-1)i e Z Fﬂrp (I(() sin eprr ?
p=0
a b+ 1 fi
m_ (¢ T
B = '
{] (r() 7 +my: +m)t Z £-1r)e € A m, Z; Fﬂrp (I(() cos BEPI' ,
p:
(17)
where
(18)

£pr = (- 2p)v +r($2 +2)

and the functions ¥ 2rp (I() are defined by Equation (9).

Finally, the function Rﬁ. can be written, with Equations (8), (14), (16), and (17)

taken info account:

f+1 ¥ 2 )4 2 n e
SEEIE I 3520 3p UL PP
J3 a r( (¢ +m)! Emp £sq¥(
m=0 s=0 p=0 g=0
f+m-8_.m,-8 m, s
-1 ’ ! -
X [( ) Uﬂ COS (eﬂpm+ equ) + U£ " cos (Bﬂpm efzqsil ’
19)
where (
Bﬂpm= @-2p) v+ma . (20)

10



4, SECULAR AND LONG-PERIOD TERMS OF THE DISTURBING FUNCTION

If we assume that no resonance occurs between the orbital motion of the satellite
and that of the Moon — that is, pn + p’n( is not small for small intergers p,p’ not
simultanecusly zero — then the elimination of short-period terms (depending on the
mean anomaly of the satellite, M) from the disturbing function can be obtained by
making use of the well-known integrals

2T
L (Y sin@-2p)am= o
L[ (e ane-mran-o

0

AN, 2-1 2-1
L (x _ _ 2-~2-1_2,0-2p . 2.4~
5 | (3) cos @-2mtam=(1+p") Xf),o @ = (1+p9)

0

(21)

In the above relations,

~1
ﬁ=e(1+ ‘/l-ez) (22)

and the X's are Hansen's coefficients (e.g., see Plummer, 1960, p. 45) and the H's are
Kaula's coefficients (Kaula, 1961). They are defined by, for 2p-1 >0,

— _m2p-t{2p+1 L Cop .2
Bipep-0~ P (Zp—ﬂ) F(-£-1, 2p-2¢ -1, 2p-2; B°) (23)
and, for 2p-£= 0,
— E—ZP 2.!—2P+]. o _ B _ i 2
Hypep-0= B ( 2-2p )F( g-1, -2p-1, £-2p+1; 8% .  (24)

11

Hopp-2) ©



In both cases, they are polynomials in . The distinction again is necessary in order

to avoid singular representation.

The long-period and secular part of the function R y is then found to be

™ € €5l — 9!

P A
ﬁfaﬁ(;g)Jr EZZE (£ +m)! Fymp @ Fyeq 00~

2,~4 -1 pitm-s _m,-s - ’
X1+ HEP(ZP-E) ® l:( b Y cos (eﬂpm * eﬂqs) *
m, s = _ar
+ U, *" cos (Bﬂpm eﬂqs)] , | _ (25)
where
[¢] = (£ -2p) w+ M . (26)

£pm

12



5. SECULAR AND

LONG-PERIOD LINEAR PERTURBATIONS

The Lagrange planetary equations can be written as

2
na e na” e
dr _ cot 1 aR cosec I aR
dt 9 5 dw 2 5 oi2
na 1-e na l-e
2
aM_ - 1-e” 8R_ 2 8R
dt 2 8 na da ‘7
na e
do____cotl R, V1i-om
dt - 9l 2 de ?
na2 1- 82 ¢
d@2a_ _cosecl OR
di 9 5 oL ?
na l1-e
1/2 -3/2 if it appears outside trigonometric functions and

where n= p a

M=0‘+fndt$0—

J(F380)s

(27)

(28)

In the above relation, ¢ contains all perturbations defined in the fourth equation

of (27). The last term of Equation (28) contains only short-period terms and will not

be considered in this section.

13’



Now, the function

R= Z Ni aé'ﬂ R, | (29)
=2

does not depend on M and is an explicit function of time only through r and @

o Ve O

considering I, and € constants, which is a good approximation.

{
The integration of the pertinent equations can be performed numerically by using
as input lunar ecliptic coordinates — or, for that matter, equatorial coordinates —
stored in tapes. This will produce precise evaluation of the true lunar motion. How-
ever, such a method can be very expensive in time. A good approximation can be

obtained by considering I and € fixed values and M o and 2, linear

¢ e P o ¢
functions of time, as given in Section 1, neglecting accelerations of these elements.

Also, an expansion in power series of e  will converge rapidly owing to the small

{
value of this eccentricity.

Along these lines, we can consider the expansions

2+1

a . o« .
() Eeiam 3 oo Bnbia) - o

= —ca

where the G's are Kaula's (1961) coefficients, which in turn can be written as Hansen's

coefficients
_ - {{+1), £-2q
Gﬂqk XJZ —2q+’k @)
and
e* =(f-2 T
ﬂqsk_( - 24} w(+(f-2q+k) M(+S(Q((+—2—) . (32)

14



We also remark that Gﬂqk =0 (e(lck[). These functions are given by

Gyl = (1 + B EJ[ﬂ 2q+ke | X000 106 (33)

]——oo

where the Jj (X) are Bessel functions with the usual definition

J+ZS

559 = Z( y® S ~ (34)
g=0

Also; for k-j-m =0,

xb Mo g ydom (1F 1" m) Fkoj-0-1,-m-2-Lk-j-m+1p2)  (35)
k;] ( - ((

and, for k-j-m = 0,

m ~k+j+m {£+1+m - : 2
Xf;:j = (_@() J (—k+j+m) F(-k+j-£-1,m-2-1,-k+j+m+ 1;;3(()

(36)

Here again, the hypergeometric series terminate; that is, they are polynomials.
However, the G's are infinite series that converge for all e o 1, although for large

e, the convergence is slow.

(

It follows that

e (£ -s)!

I R IR S ) _
By = Z ZZ Z Z o (ﬂeflm)sz Fomp® Freql %

(Egq. cont. on next page)

15



X 1+ T, o0 B) Gy le0 X

_itm-s m,-8 = * m, s ¥ J
X [( b Uﬂ cos ( fpm * E).t!qsk) * UE cos fpm eﬂqsk)
(37)

In the foregoing expressions, the U's are functions of € only and, therefore, supposed

to be constant.

The following particular terms will be defined:

€ e _([£-8s)
mspak ~ 1 @iy T rsq Mg Cagr ¥

xal @egh? TR, OB, o, B)X

L+m-8 m,-8 .+t [ - :I=
X I-S— b Uﬂ CJ? mspyk " UJZ CJ? mspgk
_ Wt m-s m,-s .+ m, s - :|
=2 mquk(a’ e |:( 1) Yy Cy mspgk *U7 G mspak]
(38)
where the definition of ¢ .. is obvious and
Imspqk
ct = cos (B 0 39
fmspgk ~ ¢ ( £pm & ﬂqsk) (39)
The following quantities will also be useful:
+ R *
5, mspak ~ S (eﬂpm 0, qsk) ? (20)

16



Djmquk= (¢ -2p) © + m [(£ ~2q) JJ(( + {f -2g9+K) M( + ss'z(] , (41)

and

+ _ ot +
f Cﬂ mspgk di = Sﬂ mquk/D fmspgk (42)

In the above relations, we are using the secular rates of the Moon's motion as given
in Section 1 and, for the satellite, as given by the even zonal-harmonics coefficients.

The dominant terms follow:

-

2
J E 1—500521
2\a 4

b=
i (1 - e2)2

a_\2 :
S'Z——EJ _e cos 1
T 272 \a 2,2

(1-e7)
- 5 (%} -1+ 3 cos?I
Mﬁn[l+zc]2 (—E-) W—:‘ . (43)

The relation between a and n is the perturbed Kepler law

2

a 2

23_ 3 el 1-3cos”1

na = Gme [l+4J2 (—-“a) mjl . (44)

Now, let &, e be the linear long-period and secular perturba-

fmspqk’ "7 %) %, mspgk '
tions that are obtained from Equations (27}, integrating the right-hand members
2 2-0=

(a, e, fixed} and substituting N( a R 2 mspak for R. The partial derivatives enter-
ing Lagrange's Equations (27) are given by
8R
2mspgk _ _ _ptm-s_m, -8 + m, s .-
dw ‘I’ﬂ mquk(zp £) [-1) Uﬂ Sﬁ. mspak * UJZ Sﬂ mspgk | ?
{45)

17



oR
¢mspgk _ _ it m-g m, -5 ot m,s q-
) £mspgk m|(-1) U,E Sﬁ mspgk ) SJZ mspgk| ?
(46)
aRﬂmsmk= £ 47
oa a fmspgk °? (47)
Ry mepqk _ = I
i = By mspak Fomp ¥y mp) (48)
and
aﬁﬂ mspak _ = e
5o - “pmspak [Hf.p(Zp—ﬂ) - HEp(Zp—ﬂ)] J (49)
where, if only terms with positive powers are considered,
s 2i-2¢
I _ (20 - 2i)! 2 . 1-m-2i-1
Fymp® = i @-1)! ({-m-21) " I X
i
X Z(I;l) [(ﬂ. ~m-2i) cos2 1 - j sin? 1] cosd "11 X
i
R -m-21i+] m-j k-
TR e
k

with the same summation conventions of Equation (9): for 2p-£> 0,

e B {[(Zp_z)i_u] . .
4p(2p - i}
p(2p-1) . ‘/1—:3—2 14_‘32 Lp(2p-1)

+ 2147 (PP (Rt ) LR p (a2 - 20, 204 + 1

(1)
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and, for 2p-£=0,

P =_L{EE_2P)1,_£+_1] . i
{pi2p-1 2 fp2p-1
(Zp~-2) . ‘/1_—? 146 p(2p-1)

2 P -2p+1s2¢0 -2p+ 1y (£+1)(8p+1 2
21+ gy TP 1)LV p(y, -2p, £ -2p+ 2567, -

£ -2p £-2p+2
(52)
The following definitions are introduced:
€ e (f-8)
_,_qm _m s
(I)Jimquk (-1 (2 + m)! Fﬂ 8Q (I(() C{Jqu (e(() X
] 2,- -1
Xa 1+ TTF, M Hyp o gy ® (53)
€ - e
q’flmquk— ‘I’Emquk H—~H) (54)
& =3 (F —F" 55)
fmspgk £wmspgk Y (
_ pltm-s m,-8 m, 8 -
Cy mspak -1) U7 6 mspgk *U7 G mspgk ? (56)
w o pit+tm-s . m, -8 .+ +
Cfmquk' (¢ -2p) [( b Yy Cﬂmquk/ D, mspak *
m,s - -
* UJZ CJZ mquk/ DJZ mquk} ? (57)
@ - _Atm-s m,-8 + +
Cﬂ mspgk m[( 1 Uﬂ Cﬂ mquk/ Df mspgk "
+ UM S o (58)

£ g mquk/ Dﬂ mquk] ?
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“and

f+m-s _m,-s8 +

_ , + m,s .- -
Sﬂ mspgk (-1) UE sz mspq Df mspgk ¥ UE Sﬂ mquk/ Dﬂ mspgk
(59)
Thus, we can write
faﬁﬂ mspgk w
Jw dt = q’f mspgk Cﬂ mspgk ’
faRﬂmsmk dt= & CQ
3194 fmspgk “fmspqgk
aﬁﬂ mspgk )
f B t-3 % mspgk S, mspgk  ’
a-R_E mspgk e
ge dt = (I)i' msapgk Sﬂ mspgk ?
8R£ mspgk dt = <IJI S
ol fmspgk “{mspgk
The above integrals are not valid if the integers
£-2p, £-2q9+Kk, £-2q, m, s
are simultaneously zero; that is, we nmst exclude the cases
m=0 ,
s=0,
2p=1{=even= 2y ,
2q=1{=even= 2y ,
k=0 . | (60)
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They correspond to secular perturbations and, in this case,

oR R,
2v,0,0,v,v,0 _ 2v,0,0,v, ¥, 0 _

ow 19

n order to evaluate the other three integrals, we must consider (£ = even= 2y)

ik 2i -4
B o= S Gy 22t T @y -2 2y-2i-]
2y, 0, v e it @y - 1) 2y - 21)!
1=

Icosl , (61)

2y+1
(-2y - 1), -2y - 1)
0= FC2y -1, -2y -1, 1ph)= D e N

=0

H
2y, v,

2y+1
e _ Z (-2y - l)n (-2y - l)n an

2

H = ———

2Y; v, 0 (m- Ot
Y e h-ez n=1

(63)

Therefore,

aR
2y,0,0,v,v,0 =&Y R
&a. a "2y,0,0,v,v,0

oR.
2Y:0:O)Y9Y:0=ﬁ I

i) —-F
ol 2y,0,0,v,v,0 ( 2y, 0,y 2y, 0, Y) !

oR.
2Y,0,0,v,v,0 _ i3 H —u° )
oe 2y,0,0,v,v,0 2y, v, 0 2y, Y, 0

The long-period perturbations are given (excluding cases (60)) by
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2 1-e LW

_ .2 2-
5,¢ mspgk N( A - nale ®, mspgk Cy mspgk

H

£ (cot I Cm - cosec 1 C?mquk) X

£mspgk

1
naL2 "l—e2

- .2 2
61 1 mspak N( %

— 2 2-2 1 [ 1-¢% ce )
_N(( a 2\ e q’ﬂmquk 2 q’ﬂmquk S}stqu ’

-2 1 cotI I 1+92¢e

2\ , mspgk T e £mspgk 5 mspak
na ‘/l _ e2

2

— 2 2-1 cosec 1 a
= —_— bl
61 Qﬂ mspgk N(( a( 9 5 KE mspgk ¢mspgk (64)
na "l -e
The secular perturbations are given by
6, M = N2 a2 L [l"ezf{' (H—H%) +
1772v,0,0,v,v; 0 ¢ ¢ naz e 2v,0,0,v,v, 0
+4v R, ]t
¥ 2v,0,0,v,v,0 ’
— 2 2-32y 1 cotl = I
6, w =N a - R F—~F)+
172v,0,0,v,v,0 € q naz [ | 3 2v,0,0,v,v,0 ( )
-e

'1—82 —R

e 2v,0,0,v,vs

+ O(H——He)]t ,

{Eq. cont. on next page)
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5 T _ 2 2-2 cos =
17°2y,0,0,v,v,0 N( a(( Y = [R (FﬁFI
naz‘/l——e_z zy,0,0,\(,y,O e

(65)
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6. SECULAR AND LONG-PERIOD SECOND-ORDER PERTURBATIONS
. c s 2 2-f

In a second-order evaluation, that is, if terms of the order J 2N( 3
sidered, it will be necessary to take into account the secular changes in M, w, 2 owing

tod o Such changes produce the largest higher order perturbations since they produce
M, &, &, and b, 2 be these

are con-

amplitudes that increase linearly with time. TLet 62
perturbations. Taking into account only secular coefficients and noting that 61 a= 0,

we have
%E(azﬁ)z-g% 616+g?{ 611 ’
%(62‘” =?—a;:’61e+g—i:’ 61T ’
%5(52 Q) = %—g— 51'64;-21é 6, T

By considering Equations (43), we find that

2 .
4 5, M=3cV1-e22235 1 5 Ti3Vi-e?sin125, T
at (%2 1 1
1-5cos"1

3 w9 1 b

d _ _4de - — *
a(azu_o)———-—lne wbd, e+ bRsinl d

d = 4e - ¢ =
E(629)=1———§ Qﬁle—QtanIE»lI s (66)
-e

where, again, o, Q are given by Equations (43). It follows that
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2. . ) _

5. M=3eVl-e2 123081 " fs Sqt+3 l—ezfzsinlfﬁ T dt

2 2 1 1 ’
1-5cos’1

5, 5= —28 @falédt+5fzsin1jélfdt ,

297 2
— 4e . . . -

5, 3= Qfﬁ edt—sztanlfa Ta . (67)

29T T 285 1

Secular accelerations do not exist, since €, I have only long-period terms.
Therefore, conditions (60) have to be excluded. If we consider the first two Equations

of (64), it follows that

w AW

JCJI mspgk dt= 8, mspgk ?
Q Ry

f C mspgk dt =5, mspgk ?

where

w — |y tm-8 . m, -8 + +
Sﬂ mepqk [( 1) Uﬂ Sf mquk/ (Dﬂ mSqu)
m, s .- - 2 _
* U£ Sf mquk/ {Dﬂ mquk) ] “«-2p ,
2 L+m=-8 m,=-s ot
Sﬂ mquk l:( 1) U ! mquk/ (D£ mquk)

m, s - - 2
* U.ﬂ S£ mquk/(Dﬂ mquk} ] m (68)
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It follows that

2 2 .
62Mﬂms k=N§a2-JZ 3 l—ze _l—ScosI l-e2w+ cos 1 Sl x
i ¢ na 1-5cos’l 1 2
-
w 2 2~ 3 - 0
Xq’ﬂmquk Sy mspgk N( ¢ n_a'.‘Z_Q@.emquk 5 mspgk ’
— a2 2-1 1 . : W _
62 g mspgk ~ N( a(( ——2 > (4w + 58 cos I} q’ﬂmquksﬂmquk
na ¥Yl-e
2 2-4 50 Q
-N_ a —_— 0 ) ’
(Y 9 ‘/——2 fmspgk £ mspgk
na yl-e

-1 58 o g .
Imspgk “fmspgk
na2 Vl —e2

2-14 Q secl P SQ
¢ 5 > 2mspgk £ mspgk
na fl-e

(69)

The total long-period and secular perturbations, including leading coupling terms with
J gy 8T finally obtained by

Obviously, the above relations are not valid for cases of critical inclination or satel-

lites whose periods are commensurable with the rotation period (24 h) of the Earth.
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7. COMPUTATIONAL PROCEDURE FOR LONG-PERIOD
AND SECULAR PERTURBATIONS

In short, to obtain long-period and secular perturbations due to a term ﬁﬂ mspak
(Eq. 38), we proceed as follows:

7.1 Long-Period Perturbations

Compute, given means elements a, e, I, e(, I(, g, and Jz:
2 2-4
1) N( a(
2) P (22)
3) Frgq 00 @
4 Frip®©

5) ¢ B3) (34), (35), or (36)

Gﬂqk(e

6 Hynep-1) (B) (23) or (24)

T &) nepak O

g) U™

PRl U, ® (122) or (12b) (€ from Section 1)

9) w, 2(43)
10) 6£pm (26)

11y W M(, Q(( (Section 1)

*

12) 8, (32)
+

13) €, mepak 9

14) s

£ mspak (40)
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15)
16)
17)
18)
19)
20)
21)
22)
23)
24)
25)
26)
27)
28)
29)

30)

we? Q(, M( (Section 1)
o, 0, M (43)

+
Dﬁ mspak

I
Fﬂ‘mp

(41)

(51)

He

1p(2p-1) {51) or (52)

d (54)

e
Zmspgk

I
®) mspak (®?

C (56)

Zmspgk

Sﬂ mspgk (59)
w

fmspgk (57)

2
I mspgk

C

C (58)

w
SE mspak

£2
Sﬂ mspgk

(68)
(68)
61 (element) 2 mspak (64)
62 (element) 2 mspqk (69)

& (element) = & 1 (elemént) + 62 (element)

Complete long—-period perturbations.

7.2 Secular Perturbations (£ even= 2y)

Givena, e, I, e

1)

2)

o I((, £, p (mean values):

FzVJ 0,y (I(() ®)

Fay,0,y & ©
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3 Gyy, 0,0 (¢ (33), (34), (35), or (30
Y By o @62
5) Ugi‘f’ (12b)

) @ o (63

2v,0,0,v, v,
j: =
2v, 0,0, v, v, 0

o 38)

7) C
8 EZY,O 0, vV,
) F;Y @ (61)
10) Hy o o ) ©3)

1) ’ (F —TF (38)

R
2v,0,0,v, v, 0

12) R H — 1) (38)

2v,0,0,v,v, 0

13) 61 (element, secular) (65)

Complete secular perturbations.
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8. SHORT-PERIOD PERTURBATIONS OF LOW SATELLITES

During a few revolutions of the satellite, where short-period variations are of

interest, the position of the Moon and w, 2 change little for low satellites. Then, as

Kozai (1966) suggested, we can consider the elements of the Moon, « and (2, fixed when
performing the integrations. In this case, the appropriate expression for Rﬂ is given

in Equation (8), since here it is immaterial what frame of reference is being used for

the coordinates of the Moon. The particular term R 0 will be written as

m=0Q p=0
m . _
+8," sin [(¢ ~2p)v + m)} , (70)
where
{Am ) £ -m even
ot J4
C B, s-modd
Sm_%B;n , £ -m even
y =
_A;n s £ -m odd (71)

The coefficients C's and S's depend only on the Moon (5). The values of r(, v/, and
Q/, given mean elements a_, e I( , €, and the time T, can be computed by consider-

ing w ¢ M o and © ¢ (Section 1), then solving Kepler's equation

M(:E(—-e( sinE( » (72)

computing { ¢ from
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f l+e E
(. ¢ £
tan 3 otz (73)
C
computing
r¢= a( (1—e( cos E(E)
V(I = f(( + w0 o
computing G 6( from Equations (7), and finally o', 5’ from Equations (10).
Let
£ /1 ! Crn m
Ry p = 2 ) Fymp® (Cj cos 0, +8 sing, ), (74)
where
0 pm = ¢ -2p)v + mQ
The following relations are easily established:
oR
Zhymp _ ¢
aa a RJZ mp °’ (75)
9R 2
fmp_ , e” -1 ray2 1,a
e ' e (r) lelmp{'JZ e r) Rﬂmp+
rE-2 )aﬁ(E)ﬂ—lF O (C)sino, +
P a prp D G, S0y
m . r 1
+S£ cos Bﬁpm) sin f (L+-§ 1-32) H (76)
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oR

£
fmp _ £ (ry Ll m m .
ol a a) FJZ mp @ (CI cos eﬂ pm * Sﬂ sin efpm) ? (77

1 . : .
where F 2 mp @) is given by Equation (50);

aR !
_Amp_ £r _em m . 78
— (£ -2p) a (a) Fﬂmp 1) ( C, sin Gﬂpm +8, cos Bﬂpm) ; (78)

oR

:
£mp _ Yy P m .
— 2B = ma (3) FEmP(I)(CE sin@, . +§; cos eﬂpm) : (79)

and

1-2
2 2 /1 m . m
+@~2pya-Vi-e (E) (—cﬂ_ sin 0, - + S, cos eﬁpm)Fﬂmp([)
(80)

For short-period perturbations, we make use of Lagrange's equations (27) where R
is substituted by

21
1
Rper.=R__2_1T J Rd4dM , (81)
0 .

and integration is carried on with respect to dt = dM/n, considering ail other angles

and actions to he constant.

The computation of the average of R with respect to M involves the following

integrals:
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2w
£ -£-1 £-2
Ifl,p=2_lﬁf EY cos ¢ -2ptam= a+pH 7 IO @) (82)
0

ki3

7 -2
g,p__1 T _ _ 2,2 +1 £ -2,0-2p
Pt [ (E)  cos @ -2ptdM= (147 Xf,’o ® 5 (83)

O"N

2m
-1 - -1,0-
Ié’p=z_le (£) cos(£m2p)fdM=(1+[32)£Xf),0’ Pe o, (68
0

2
=2_11Tf (ﬁ) sin(ﬂ—Zp)fsinfdM=
0
o 2g (1. -1,0-2p-1_1 L4 2p+ 1)
= (1+F) (zxf),o’ zX(e),o ’ (85)

and

2T
b
5: .-2_1f (E) sin (£ -2p)f sinf dM =
0

2,-£-1 y2-2p-1 1 2,0-2p+1 -
= (14 (2 Xy 2 0,0 ) (86)
where Xk’J (P) is Hansen's coefficient defined by Equatmn (23) or (24).
1t follows that, by defining
= - M=
Slpm_ ;, sin eﬁpm+ Sﬂ cos B.Epm R (87)
and
= _ oIn - m . =
Cfpm Cg cos eﬂpm+S£ sin eﬂpm s (88)

where Eﬂpm is given by Equation (26), we have
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2m 5R
@) 1 | _2mP gy - £ »Pg
IﬂmpﬂzTr 5 dM= (2-2p) @ Fyom (I)Iﬂ fpm ) (39)
0
3 _1 T Bymp e m 29 o 1,pg (90)
{mp 2w 082 -ma ipm
0
2w
oR 2
4) __1 2D g, & =1 f L,PE
Iﬂmp—Z'rrf de dM = £ e 2 Fﬂ.mpa)lz Cfpm+
0
1 ﬂ 5L,pE _ Lpg -
+£ea (I)I C - 2p)a I‘ 13(1)14 Cﬂ_pm
- - L1 LPE
-2 o —5 Py O 15 Cppmy (91)
2T R
5y __L _ AP -9 2l Tl E LPE
Lmp S%m SRdAM=2a T, I Cpp (92)
and
2m 5R
(6) =_1_j ZTamp gpp= o PG
Iy p =27 5= dM=a Emp(I)I’ Copm (93)
0
Now it is necessary to evaluate, in closed form, integrals of the type
R ..I _ 1qf . _
Jo+idl =d =J')P dM
pq” ' “pa pd G e (34)
forq=0,1,2,...,p+1landp=0,1,2,... . Introducing dM = (r/a) dE, we obtain
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p+tl
equdE ,

2 &

where

(%Jpﬂ: (1-e cos E}p+1 ’

i q
equ = (%) [(cos E-e) + in sin E]ql ’

= VI—ez ’ i=v:]-

Therefore,
J’r pP+1l-d _ . aq o
Jpq= (:—1) [(cos E-e) + in sin E]
with
p+tl-q=10

It is easily found that

ptl
= 1 . .
J = Z \—{ quy(e) (sin vE - i cos yE) + quo(e) E , (95)

y=-p-1 .
(y+0)

where
_ o, d-a (p+1l-q k q a-ky o
53 DN U AN oy
a 8 .

32k+q-a a-k-s8

X (1+m) a-n° , (96)
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in which

a= |V|, |Y|+2: |Y|+4, ..., porp+l ,

k=0:132a"':a_;‘{' I

s=0,1,2,..., a-k
Thus,

pt+l

R _{ /P N 1 .
T =I (3) cosaf aMm= E Y Koqy SYE+ K, F (97)
y=-p-1
(y+#0)

and

Pl

leq =f (_g)p sin gf dM = - Z: 'Is,l" quY cosyE . (98)
, y=-p-1 '
(y#0)

The following integrals are then established:

oR
£mp _ 4mp ... L 4 __ e [I I =
Ay —f s M= Fomp® [ -1,0-2p-1"97-1,0-2p+1) Copm *

5
1-¢2
R = 2 3
- | - 1- X
1L(']:E;—l,,iz—2p-l ij—1,1!—2p+l)sﬂpnr1:|+(!2 Zp) a ¢ Ffmpm
I - R =
X (-3, ~2,0-2p Sepm Y4 -2,0-2p Sepm) (99)

Cfpm * J?,ﬂ -2p Efpm) ?

£mp JaRﬂm J3 I
AP = —an dM= (£ -2p) a Fﬂmp(l)(—JL,,f_zp

(100)
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R
f.mp_f 2mp _ { A - R =
Ay T =) —%g dM=ma F.ampa)(Jf,z-2pczpm+Jf,z-2pSzpm) )

(101)

oR 2
fmp _f £ mp e -1 R = 1 = +
Ay T E) e aM=ta = F, 0 (JE—Z,JZ—Zp Crom T 9p-2,0-2p Slpm)

1 S +

* JJZ -1,2-2p SJﬂpm

. R —
thgd Fpop@® (Jz-l,;z-Zp Copm

10 (R R = .
e Fzmpm[(‘]z-l,z-Zp-l Jz.—l,;z-zp+1)czpm

I I = .
+ (7 _Le-2p-1"% -l,£—2p+1) Sfpm}

14 1 R _
*3d ¢-20)Fpp® [‘(Jf,.e _2p-1- J?,z ~2p+ ) Copm *

3% T2
I I =

+(J£,£—2p-1_J£,£—2p+1)sﬂpm:| g

(102)
atmp [ Damp gy of-1p g (B T, +d 5, )
5 - aa fmp £,4-2p “fpm  "£,4-2p Lpm/ ’
(103)
and

L (104)

SR
Jlmp:j gmp o £ 1 R = =
Ag TF) g dM=a Ffmp([)(J.ﬂ,ﬂ-chﬂpm+Jﬂ,ﬂ-ZpSﬂpm)

Now, if we make use of Lagrange's equations and consider Equation (81), the

short-period perturbations due to a term R 2mp are given by

(Eq. cont. on next page)
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N a
pe, =-4L Vl-ezli 1-¢% AP _ (almP (3 Mil ,

£mp nzaze fmp
N2 a2 -1
- fmp _ (2} _(Afmp _ (3)
Mﬂmp_ 2 - cosecI[(Az Iﬂmp M)cosI (A3 IﬂmpM)] ?
n a 1-e
NZ aZ-ﬂ
. ¢ a2y (pdmp _ {4 Zmp _ .(5) '
ANy = - 55 [1-¢%) (A} Ix M) + 2ae (A 1R M):|+AM£mp ,
N2 32—.2
- ¢ _ 2mp _ (6) _ 20 (pdmp _ (4)
Bwy ™ - = [ ecotI(A6 HUR M)+ (1-e%) (A} IﬂmpM):l ,
nae Vl—e
2 2-1
N~ a cosec I
ag, =-LX (atme _ 0 ), (105)
mp 5 o 5 6 fmp
na l-e
where
2 2-¢
3N a
’ R (¢ £ mp
A Mﬂ mp ™~ n2a2 fAl dM (106)

remains to be evaluated. This last involves the evaluation of the integral

R

I
- dM=fJ 1- E)dE =L
Lpq prq pg (L@ cos E) pq

+iL
* Hpg

It is readily found that

ptl 9
R :f = - —1 E+ K E— -
Toq Jﬁq au Z % Kpay °°° ¥ pgo 2
y=-p-1 ¥
{(y#0)

(Eq. cont. on next page)
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p+l

- (EsmE+co=:-:E)+2 Z Y(Y+1) cos y+1HE +
_-p_l
(v£0, v#-1)
p+l
L8
= ¢ HE 107
zZman) ’ o uon
y=-p-1
(y#0, v#1)
and
p+1 ’
I J' I z 1
= M= - = E+2 (K E+
qu Jpq d 2 KPqY sy 2 ( Kp, q, "1)
y=-p-1 Y
(v#0)
L 1 u 1
€ s e
£ —— K +1E+—Z — K in (y-1)E
2 Z T+ pay S (y+rhHE+3 6-1 Spgy 5 (vy-D
v=-p-1 y=-p-1
(Y*O y#-1) (‘F’:O: y£1)
(108)
Therefore,
A,M‘ __3 22! a2 o F [(LI _
{mp 2 ({a(( nZ 5 JZmpm‘ ?-1,2-2p-1
1-e

—_ R -
Lﬂ 1,2 - 2p+1)c£pm+(£ 1,£-2p~1 Lﬂ-1,£-2p+l)sipm]_

) £-2

2 2 a R = _
Mg @273 mp® (L£~2,E-Zp Sepm

1 —
~Ly_2,0-2p C£pm) ‘ (109)
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9. COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS
OF LOW SATELLITES

Corresponding to a particular term Rfmp (Eq. 74), the short-period perturbations

((, w, Q fixed) are computed as follows.

Given mean elements a, e, I, e I(, and €, we compute
b N2t

2) B (22)

3) Given M(, compute E(, f((

4) Given we .Q(, and a([, compute r([, v(

5) A 6(( (7}

6) o', &' (10)

GOS

P r (smé’) mB

m m
8 A By (5)
m

9 C

gm

10) Given M, w, and , compute E
11) ef_,pm (26)

12) Cﬂpm’ {pm

(87), (88)
13) F12 mp® ©

14) F, @ (50)

JZ mp
15) X3} @) 23) or (4)
?
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k J
2 £ -2p
2 £ -2p
-1 £2-2p
1 £-2p-1
1 £-2p+1
{ £-2p-1
£ £ -2p+1

16) quy {e) (96), y= p-1,-p,...,p,p+1

p q

£-1 2-2p-1
£-1 £-2p+1
£2-2 £-2p
£ £ ~2p
£-1 2-2p
£-2p-1
£-2p+1

17y 17P, 2P, ..., 19P (82) through (86)

18) Iﬁllp, Iﬁi Y Ié%p (89) through (93)

19) ng, (97), (98) (same range for p,q as in (15))

JI
pd

£y £m
20) AP, ATP

7P, ..., AL (99) through (104)

R 1
21 L (107), (108
) L Lpq (107, (108)

p q

£-1 £-2p-1 "
£-1 £-2p+1
£-2 2-2p
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22) a'M, . (109)

23) A6y s ey ARy (105)

Short—perlod perturbations completed.
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10. SHORT-PERIOD PERTURBATIONS OF HIGH SATELLITES
WITH SMALL ECCENTRICITY

When the satellite is high, for example, close to a 24-h period, the Moon can no
longer be considered fixed during a few revolutions of the satellite. Here we consider
also the variations of w, €2, in contrast to what we have done in Section 8. In this
case, the integrals found in that section have to take these variations into account.
This can be done only if the eccentricity of the satellite is small so that power series
in e will converge rapidly. Thus, the disturbing function obtained in Equation (19)
has to be developed in terms of M, M .

(

The following expansions are well known:

(%)“1 cos [€ -2V se+3))= i Cpqr € cos Ctsqr 2 (11O
and -
O R DL T any
jﬁ—-oo
where
e%sqk= (€ -2 o + (@ -20+k) M, + s(@(E + 7 : (112)
eﬂmpj= (£ -2p)w + (£ -2p+j)M + miz , (113)

and Hﬂ pi (e) are Kaula's (1962) coefficients. These can also be written in terms of

Hansen's coefficients by

_ <l -2p
Hypi )= X, 250 5 ©
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The coefficients G (e ) have been defined in Equations (33), (34), and (35) or (36).

The classical expressions for Kaula's coefficients are (e.g, Plummer, 1960, p. 45):

4-1 .
1y @ = 1469 Z 3, W -2p iy el X2 2R =oelh , e

.—-00

where Ji(x) are the usual Bessel functions and Xﬂ ! ((3) are given in terms of hyper-

geometric series (which always terminate), as follows. fork-i-m =0,

xf;::n= e o) Y S5 OV NS IEXEY N R SR —m+ 1%

k-i-m
(115)
and, for k-i-m=20,
Xf(:inz (-p KFitm (Ek*;llil‘g) F(-k+i-f-1, m-f -1, -k+i+m+ 1,8%)
(116)

It follows that

where

m s a‘eF @O F

2 mspgkj @ +m)! 2mp €)X

£8q

(Eq. cont. on next page)
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. (e) ,:(_l)ﬂ tm-8§ m,-s

X Gy gk @ Hyps '

m, 8 ¢
+U£ ?" cos (Bﬂmpj-ejlsqk)]

In what follows, it will be clear that we should have

g =-2p+j£0

We can make use of the fact that

(2, b, %) 'gxc'x = %bF(a+ 1, b+1, e+ 1;x)

and

_1
x g ®-d @,
and arrive at the following relations:

ylm 8Xf{’m_z: ‘ vl m
K =T ]Ji(ke) k1 +

j<k-m

p

k

+ Z {Ji(ke) zf;:;nJr e 15'9 3 7,100 - 3, (ke) xi’?n(

where, for i<k-m,

cos (6

¢

£ mpj

£ sqk) *

(117)

Ay

»
:lg

(118)



axls ™ ;
m_ i m k-i-m+1 /8+1-m
Yz’i = -—81{;’——"ﬂ< 1-m)‘3)tf; -2(-p) k-i-m X

k-i-f-1}(-m-£-1 . . 2
X( k—i-}£n+l )F(k—l—ﬂ, -m-f, k=i-m+2;p7) (119)

and, for i =k-m,

2 ox 1" 1 k+i 10+l
» I 21 . _ 1f,m “k+i+m+ +1-m
214 5 (k’“”m)sxﬁ,i 2(=P) Carom) X
“kti-f-1(m-2-1 . . 2

s (R LDt D) pgriog, mog, keieme2;p0) . (120)
Finally,

oH, .

___tpi____ B » L -2p
Nypi = 5 Yﬂ oy - (121)
e l—e

Let us congider the definitions

+ —_ _ * - . y b _ . _ . .
D) mepqlj = ¢ ~2P)e + € -2p+i) M+ m@ + (£ -2q)u + (E-2ar k) M+ s
(122)
and
Dy mepakj =~ ¢ 2P @ * (€ -2p+ M+ m - (£ -2d) o - ¢ -2q+k) M, - 52
(123)
We easily establish that
(1) R, mspakj |
B dt =
Emquk] aM
m, 8 m, 8 -
U, " U, @ -2p+j)/D - l
=R £ £ 2mspgk] ’ (124)

fmspakj }. m,-S __ ..m, =8 o st
Uy’ U7 _2p+3)/D£mqukjS
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8R .
B(z) . Ef ﬁmspgk] dt =
#mspagk] ow

Il’l,S_.b m.s _ -
gUE U, % @ -20)/D) | ons 2

=R 3 (125
ﬂmquk]l m, -8 __ ..M, =S +
U, Uy TR e - 2p)/D£mSqujS
oR .
g®) =f emspak] 4 _
fmspgkj o2
m, s .10, 3 -
=R SUJE Uy m/ Dﬂmqukj 2 196
2mspak] EUm, -5y Sy /ot s (126)
1 £ ﬂmqukjs
5@ =filiﬂ_rﬁmlfidt=a 50wy} 1
fmspqgkj — e 7 Cemspakj “epj  C4pi ? (127)
5) B 1mspak]
SO [Py
# mspak] da
T T T
; Yy Uy Dﬂmqukj?
=3B LMy S s 8 /pT o (128)
a = 2mspakj ZU‘Q U, /Dﬂmqukj S
‘cos — gin
(6) J‘ oR, mspgkj a (5 1
Py mspak; = o =7 Bimspaky F ymp ¥ mp} ’ (129)
and
' _ 3 2 21 (1) _
&My nepaki =~ 2 N °C ) Pemspak] at
m,s m,s/ - 2
3.2 2-4 Y Uy " /Py mspai)
=-—-N, 2 R R L T R o P e 9
a2 ¢ 2 mspakj ZU’Z U, /(DJZ mqukj) S
cos — 8in
(130)
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Finally, the short-period perturbations are given, for all terms for which

1-2p+j#0 , ' (131)

a2 2-2 2 (1
Aa, mspaki N{( A na B, mspakj !

> -
2 2-4 ¥Vi1-e ‘/ 2 (1) (2)

= 1- .- B .
Aeﬂ mspgk]j N({ a’(( naze [ © BIZ msapaqk] £ mpsqkj !

_ .2 .2-1 cosecl 2) G ]
Al mepalg ~ N¢ 3¢ ) > [szmqukj cos I =By mepaki|

na ‘f l-e

2 2.7 1 2 o) (5) ,
AMJZ mspak) N(( a(( naze |:(l e) Bﬂ mspaqkj *2e Bf_ mspqkj ta Mﬂ mspgkj °?

2 23— 1 (6 2, o4
Awﬂmqukj « a( —-——-—2 . I: e B.Emqukj cotI+ (1-e7) Bﬂmqukj ’

niefl-e

- N2 ,2-2 _cosecl (6)

A8 mspaki ~ N % N > Prmspakj (132)

na ¥l-e

which completes the ealculations.
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11. COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS
OF HIGH SATELLITES WITH SMALL ECCENTRICITY

The sequence of calculations to obtain short-period perturbations due to a particular

term, R g of the disturbing function (see (117)} is now given.

mspqgkj’

Given mean elements a, e, I, M(, W Q(, M, w, 2, & M(, L'D(, 5.3(: Ma L.O’ 3:3’
B, compute, for any term (¢, m,s,p,q,k, ), £ -2p+j+ 0:

1) e%sqk, ) mpi (112), (113)

2) J,1¢ -2p+j)e] (Bessel function (34)) to the approximation required
3) ):E’_’Ez;)ipj,i(ﬁ) (115) or (116)

4 Ty O ©

B Fyo 00 ©)

6) Gy (e (33), (34), (35), and (36)

7 W, (114)

8 Y@ (19

9 Z7777(B) (120)

B

LR ¥

I

100 v, ™ @) (118)

1) N, @ (121)

+

12) DJE mspgkj

(122), (123)
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13) U;n’ 5 U™ 8 (12)

14) Bfl)nqukj, i=1,2,...,6 (125) through (129)
15) ATM, s (130)

16) A2y noreees A%y (132)

Complete short-period perturbations.
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12, REMARKS ON SOLAR PERTURBATIONS

The previous formulations apply as well to solar perturbations, which are about

of the same order of magnitude. In fact, for the Sun,

Gmo r £
R=— E (-r) P, (cos ¥Q) (133)
O =9 ©
so that
Gmy, - B ncza 23 o2 a3
m(( + :m(B + mo © 00
or
_ 3 2 5 2. -2
Gmg = N7 ag, N2 ~0.75X 107" rev” day =,

which is of the same size as Né. For the Sun, we have (to the mean equinox of date):

6 = 281°18'1500 + 6189703 T + 1163 T4 w02 T
M= 358°28'33:0 + 129596579110 T - 0V54 T2 - oro12 T°
eq = 0.01675104 (supposed constant) ,

Ay = 1. 00000129 (astronomical units) ,

n, = 35481119283 day~ !
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We can consider I, € to be zero. The mean inclination with respect to the
equator is £ For that matter, it could be considered a function of time, but such
precision is hardly necessary. The disturbing function is given by Equation (8), while

(2) is written

_ 2 2-2
R= Y Ngag R, - (134)
=2

The transformation (10) is not necessary, so that the coefficients A;n, B;n (Eq. 5)
retain their original form by using I’= &, the inclination of the orbit of the Sun with
respect to the equator. If follows that

L
Z Z E ‘m (ﬁ.iﬁ)i Foop @ Fymg (BYX

£
m=0 p=0 q=0

X cos [(£-2p)v - (£ -2q) v+ m] . (135)

The secular and long-periocd part of this is

£ { {
ﬁﬂzaﬂ Z Z Z Z Emé'(;_zg_iFﬂmmeﬂmq(E)x

X+ T Hy o0 ) 8) Gy (o) X

X cos [(¢ -2p) w - (£ -29) wg - (£ ~2q+k) Mg, + me] (136)

which for the Sun is used in place of Equaﬁon {37). More precisely:
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¢ -m)! -f-1

= - 2
Rfmqu— m @) Ffmp(l) Fﬂmq(E) (1+p%) Hﬂp(zp_f)(ﬁ)x
X Gﬂqk(eo) Cﬂ_pqu ’ (13?)
where
Cy pemik = €08 (2 -2p)w - (£ ~2Q)wg - (€ -29+K)Mg + ma] . (138)

From this point on, all formulas developed for the Moon can be easily adapted, a task
not worth undertaking here. The complete expressions are given by Kaula (1962), and

the computational procedure is similar to the ones given in the previous sections.
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NOTICE

This series of Special Reports was instituted under the supervision
of Dr. F. L. Whipple, Director of the Astrophysical Observatory of the
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First issuedtoensure the immediate dissemination of data for satel-
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of catalogs of satellite observations, orbital information, and prelimi-
nary results of data analyses prior to formal publication in the appro-
priate journals. The Reports are also used extensively for the rapid
publication of preliminary or special results in other fields of astro-
physics.
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pating in the U. S. space research program and to individual scientists
who requestthem from the Publications Division, Distribution Section,
Smithsonian Astrophysical Observatory, Cambridge, Massachusetts
02138.

&/



